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The equation (AV’ + BV’ + C)r = 0 with matrix coefficients A, B, C is studied for 
homogeneous boundary conditions. An integral constraint is derived for the above 
system leading to a relationship between the matrices involved. As a consequence, 
known as well as unknown results are obtained for some problems of 
hydrodynamic stability in a unitied manner. Finally, another method of unification 
is suggested. ( 1985 Academic Press. Inc 
1. INTKODUCTION 
Bounds to cigenvalucs of ordinary homogeneous systems are a problem 
of interest for their own sake and assume added significance when these 
systems represent physical situations and the eigenvalues are not exactly 
obtainable [Warren [ 1 I]. The method of quadratic forms is a familiar 
device which often succeeds in characterizing the eigenvalues and 
establishing the bounds, and an important application of this occurs in a 
certain class of hydrodynamic stability problems [see, for example, Chan- 
drasekhar [2] and Lin [3]]. There is a basic similarity of approach in all 
these cases, namely, “multiplying the governing equation by the conjugate 
eigenfunction and integrating the resulting equation over the range of the 
independent variable for a suitable number of times with the help of the 
boundary conditions,” but apart from this each case is treated as a par- 
ticular problem and the various other steps taken in any two cases often 
appear ad hoc and unrelated. The question that naturally emerges is the 
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following: Can a unified mathematical treatment be given to the aho\c 
class of problems wherein the basic content of the method of quadratic 
forms is retained while its ad hoc nature (in the context of the above men- 
tioned applications) is removed? In the present paper we show that ;I 
generalized biharmonic equation with matrix coefficients and homogeneous 
boundary conditions provides the basis for this unified approach for a sub- 
class of the above class of problems. such that in any two cases the 
application differs only in the choice of the matrices involved. As a con- 
sequence. known as well as unknown results are obtained for some 
problems of hydrodynamic stability in a unified manner. Finally. another 
method of unification is suggested. 
Consider the coupled system of n linear homogeneous partial differential 
equations 
[AT + w + C’(x)] X(-Y) = 0 (1) 
in a simply connected open subset V of the Euclidean space R”‘; s refers to 
the point (.u, , .Y~ ,..., Y ) of P’: A and B are n x n matrices with complex con- ,), 
stant entries; C(.r) is an n x n matrix with complex valued functions on I’ 
as entries; V2” stands for the operator (xy= ,(??:‘?.Y~Z)) k, k = I, 2; x(x) is the 
column vector { x,(s) ) ,, x , , Z,(X) being complex valued functions on V and 
V*k%(x) = {V2k~,(.Y)),rx,. 
We consider Eq. (1) together with homogeneous boundary conditions 
I(.Y) = 0 and either A c’x(.u) = 0 or AV2x(.y) = 0, 
Al (2) 
on the boundary S of V. Here A(Zxl?n) and AV2y stand for the vectors 
(C; _ , A,,(Q’dn) },, x , and (I’,- , A,, V’x, In x , . respectively, and c’/Cn 
denotes the differentiation along the positive outward drawn normal at any 
point on S. Henceforth, we shall use the summation convention for 
repeated indices unless stated otherwise. 
In Section 3, a necessary condition for the existence of a non-trivial 
solution X(X) of the Eqs. (1) and (2) is obtained in the form of an integral 
relation involving the solution, which is then specialized to a form more 
suited to applications. The integral relation yields an inequality between 
the cigenvalues of the matrices involved and has no explicit dependence on 
the solution. 
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In Section 4 the above results are shown to lead to the following con- 
sequences in the field of hydrodynamic stability: 
(i) That the complex growth rate n( =n,+ in,) of an arbitrary 
oscillatory perturbation, stable, neutral or unstable, in the linear Rayleigh- 
Taylor stability problem of a Boussinesq fluid with constant viscosity, must 
lie in an open disk in the n,n, plane with centre as origin and (radius)‘= 
[Sup nc,Udomaln ( -g Dpjp,,}], where g is the acceleration due to gravity, p 
the density, Dp = dp/dz, z being the vertical coordinate and pO is the value 
of p at z = 0 [Banerjee and Kalthia [4]]. 
(ii) That an upper and a lower bound for the frequency of 
oscillations of the neutral perturbations in the linear axisymmetric stability 
problem of a narrow gap viscous Couette flow with an axial pressure 
gradient can be explicitly given in terms of the Reynolds number and the 
wave number. Further, non-oscillatory perturbations cannot exist for the 
wave numbers exceeding ,,‘??. These wave numbers therefore correspond 
to non-zero frequency of oscillation [ Banerjee [ 511. 
(iii) That an arbitrary perturbation, stable, neutral or unstable, in 
the linear stability problem of the onset of thermal convection in a liquid 
layer heated from below is necessarily non-oscillatory [Pellew and 
Southwell 1611. 
(iv) That the complex growth rate p (=p, + ip,) of an arbitrary 
oscillatory perturbation, neutral or unstable, in the linear stability problem 
of thermohaline convection (Veronis’/Stern’s configuration) with 
dynamically free or rigid boundaries, must lie in an open disk in the right 
half of the prp,-plane with centre as origin and (radius)‘= R,sa/- Ra, 
where R,y is the salinity Rayleigh number, R is the Rayleigh number and 0 
is the Prandtl number [Banerjee et al. [7]]. 
(v) That the complex growth rate p( =p,+ ip,) of an arbitrary 
osillatory perturbation. neutral or unstable, in the linear stability problem 
of thermohaline convection (Veronis’/Stern’s configuration for a 
viscoelastic Maxwellian fluid) with dynamically free or rigid boundaries, 
must lie in an open disk in the right half of the prpi-plane with centre as 
origin and 
(radius)= = 
RTa + R:T’a’-4Ra 
2 
where I‘ is an elastic parameter. These two results are new. 
In Section 5 another method of unification is suggested. 
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3. MATHEMATICAL ANALYSIS 
LEMMA 1. If a solution 1 satisfying Eqs. ( 1) and (2) exists then we have 
/ (V2x)tA,(V2x) dV- 1 (grad x)+B,(grad x) dV+ 1 x’C,(x) x dV= 0, 
V V V 
(3) 
where 
A-A+ 
A, =- 
2i ’ 
B =B-@ 
’ 2i ’ C,(x) = 
C(x) - C(x) 
2i ’ 
grad x= {grad Xijnx 1 and the grad operator is in R”, and the symbols t and 
* stand for the complex conjugate transpose and complex conjugate, respec- 
tively, so that the second term on the left hand side of Eq. (3), for example, 
stands for SY(a~i/d~i)*(B1)ik(a~k/a~j) dV. 
Proof Multiplication of Eq. (1) to the left by xt and integration over 
the domain V gives 
j $A V4x dV+ 1 x+BV*X dV+ s ztC(x) x dV= 0. 
V V V 
(4) 
Now, 
j xtAV4x dV= j x:A,V4xi dV= A, j xi* V2(V2xj) dV, (5) 
V V V 
and making repeated use of Gauss’ theorem in R” and boundary con- 
ditions (2) we get 
AtI I x” V2(V2xj) dV V 
=A, 
5 s 
x,f+ ; (V*;I,) ds - A, s grad 1: . grad(V2Xj) dV V 
= -A, 
s 
grad x”. grad (V2xj) dV 
V 
= -ADI V2xj&(X:)ds+Anj 
s 
V2xjV2xi(rdV 
V 
=A,/ V’XjV’X?=j (V2X)tA(V2X)dV, (6) 
V V 
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the symbol “ .” is the dot product. Similarly, we have 
5 x+BV’~ dV= (grad x)’ B(grad 1) dV. 
V 
-5 
V 
Using Eqs. (5)(7), we have from Eq. (4) 
(7) 
1 (V’X)~A(V’X) dV- I (grad x)+ B(grad x) dV+ 1 x’C(x) x dV=O. 
b’ h v 
(8) 
The imaginary part of Eq. (8) gives 
P 
J 
r 
V 
(V’x)‘A ,(V2x) dV- J 
I’ 
v 
(grad x)+B, (grad x) dV+ J xtC,(x)): dV= 0, 
C’ 
and this proves the lemma. 
THEOREM 1. Under the hypothesis of Lemma 1, if A, = IA,, B, = -IB,, 
C,(x) = -I C,(x), where I is a non-zero reai number; A, is a nonnegative 
definite Hermitian matrix and B, is a positive definite Hermitian matrix, 
C,(x) is a Hermitian matrix; then 
Sup[Eigenvalues of C,(X)] > 0, (9) 
“Sup” being taken over all the eigenvalues of C2(x) over all x in V. 
ProoJ Since A2 is non-negative definite and B2 positive definite, we 
have 
j (V’X)+A,(V’X) dV+ 1 (grad x)‘B,(grad x) dV> 0. 
I Y 
Lemma 1 then gives 
r ~+Cz(x) II dV> 0. 
JV 
(10) 
Let u,(x), u2(xL u,(x) be the n eigenvectors of C,(x). Here it is to be 
carefully noted that for each i= 1, 2,..., n and each x in V, ui(x) is an n x I 
matrix. Further, let Ai be the eigenvalue of C,(x) corresponding to ui(x) 
so that C,(x) ui(x) = i.,(x) ui(x) (no summation implied). The matrix C,(x) 
being Hermitian in a finite dimensional space, the spectral theorem gives 
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that thcsc form an orthonormal basis for R” for each .V in c’. i.e.. 
U,‘(S) u,(.v) = A,,. We thus have an expansion 
y(s) = i j;(.Y) II,(S). (11) 
where j;.(s) arc complex valued functions on V. 
Substitution of X(X) from Eq. ( 11) in the left hand member of inequality 
(10) yields 
Thus. 
= “‘, [ i .j;*(x, “:1.K)][ ” 
,- I ,T, j-,(.~).L(*~) u,(x) dV 1 
=!‘,,[ i .j;(.r)l’I*,(.r)]dV 
I- I 
< r sup Sup(i,(x))] j 
I CIC,, \F I 
j, X’C,(.K) % dV6 [ s u~ sup (+))I j X+x~~. (12) 
I s-,4,, vie I C’ 
The theorem now follows from inequalities (10) and (12). 
COROLLARY I. Under the h~~pothesis of Theorem 1, {/‘ C,(s) = 
C 3(.~) - Cd(x), then 
Sup[L&envalue.s r?f‘C’,(.u)] > Inf[Eigenculues 0f C,(X)], (13) 
“Sup” und “lnf’ being r&en us in inequulify (9). 
The proof readily follows from Theorem 1. 
COROLLARY 2. Under the hypothesis of Theorem 1, if B, = B, - B,, 
C?(x) = C,(x) - C,(x) and rhere exists u positive definite Hermitian matrix 
H(x) s . I. 
i y [(grad x)‘B, grad I+ jc’C,(x)x] dV< [ ~+H(x)x dV, (14) ‘Y 
GENERALIZED BIHARMONK EQlJATlON 37 
then, 
Sup[Eigenualues of H(x)} > Inf[ Eigen~alues of C,(x)], (15) 
hqhere “Sup” and “lnf’ are tuken as in inequality (9) and B,, B,, C,(x), 
C,(x) ure Hermitian matrices with B,, B, und C,(x) being positive definite, 
The proof readily follows from Theorem 1. 
COROLLARY 3. [f Eq. (1) is replaced hi 
AV4 + BV2 + C’(x) + i f 
A 
y-- )[=o, 
,;I 
, -(i 
I 1 
7)‘s being real constants, then the conclusions of Lemma I and Theorem I are 
still &id. 
Proof: We exactly follow the proof of Lemma 1 and note that the only 
additional term that we now have to consider on the left hand side of 
Eq. (4) is 
Now, 
(16) 
Further let x, = U, + iu,. We then have 
which is purely real. Conclusions of Lemma 1 and Theorem 1 therefore 
remain unchanged. This proves the corollary. 
Remark 1. It is clear that Theorem 1 and its consequences are valid in a 
much more general setting. For instance, x(x) could be a vector in an 
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infinite dimensional Hilbcrt space, A?, Bz and C‘,(.r) compact linear Her- 
mitian operators, A, being non-negative definite and B, being positive 
definite. 
4. APPLICATION ro HYDRODYNAMIC S-rABtt.tTy 
(a) Stability of Rayleigh-Taylor Confguralion 
The governing equations and boundary conditions of a Rayleigh-Taylor 
configuration of a Boussinesq fluid of constant viscosity are [Chan- 
drasekhar [2]] 
(17) 
and 
w=O=DM. at z=O and z=d, (18) 
where the various symbols used have the same meanings as in the 
reference. 
PROpoSI1~ION 1. Cf (n, w), n = n, + in, and n, # 0, ix a solution of Eqs. 
(17)-(18), &en 
Prmf: Since II, # 0, we write Eq. ( 17) in the convenient form 
Equation (1) reduces to the above equation with 
A = 1, B= -(2k’+y), 
+‘(k*+f$$(Dp)], x(z)=+). 
Further, the boundary conditions on x conform to those of w. Also 
A, =O, BI = -W,J~X C,= -n, 
[ 
-k2Po &*(Dp) -- 
P P InI’ I 
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Now, with I = n,, conditions of Theorem I are satisfied and hence 
-gDP In12< sup - . 
O<z<d i i PO 
This is a one-dimensional case of Eq. (1). We now consider some situations 
involving higher dimensional matrices. 
(b) Stability of Spiral Flows 
The governing equations and boundary conditions of this problem at the 
neutral state under the narrow gap approximation involving averaged 
angular and axial velocities are [Chandrasekhar [2]] 
[{(D’-a2)-i(a+lja)}(D2-a’)- 12i&a]u=o, (19) 
[(D’-a’)-i(a+l+a)]v= -Ta’u, (20) 
u=Du=u=O for [= *$, (21) 
where o is a real constant and the various symbols used have the same 
meanings as in the reference. We note that (a + &a) cannot be zero since it 
leads to a trivial solution for u and t:. 
PROPOSITION 2. Jf(a, u, c) is a solution of Eqs. (19k(21), then 
-Z$a<o<!-f-&a, 
so that II > fi implies (T < 0. 
ProqJ Equation (1) reduces to the above equations with 
A= 
-i(a+&)+2a2 0 
0 
a’[a’ + i(a + &a)] - 12idu -1 
-I 
a2 + i(a + 4a) 
Fa2 
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Further, the boundary conditions on z conform to those of I! and I-. Also 
0 0 
A,= o o 1 
i > 
I  0 
B, = --((T+ &I) ( )  o 1 
(  )  
and 
C’, = -(a + &I) 
Now, with I = m + &a, conditions of Theorem I are satisfied and hence 
Clearly N > V:z implies (T < 0 and therefore the neutral state is overstable. 
Remurk 2. Almost identical reasoning shows that if CJ = (T, + ia, then 
(c) Stability oj’ Thermul c‘onwc[iotl 
The governing equations and boundary conditions of this problem under 
Boussinesq approximation are [Chandrasekhar [2]] 
grd2 
(D2-u?,(D2-u”-rJ)W= - 
( > 
u’o, 
\’ 
(p-uLpa)@= - EC w 
( > K ’ 
(23) 
and 
W=O=O at z=O and :=I, 
and either DW=O at z=O lnd z= 1 (rigid boundaries), (24) 
or D’W=O at z=Oandz=l (free boundaries), 
where the various symbols used have the same meanings as in the 
reference. 
PROPOSITION 3. If (a, W, @), CJ = a, + ia, is u solution of‘ Eqs. (22)-(24). 
then 6, = 0. 
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Proof: Equation (1) reduces to the above equations with 
Further, the boundary conditions on x conform to those of Wand 0. Also 
-u2 0 
c, = -u, 
t i 
0 
ugra’p ’ -- 
p\ 
Now, Theorem I implies that 0, = 0. 
(d ) Sfahilit~~ qf Vuonis’ Thermohdinc~ Cor~igguration / VTC) 
The governing equations and boundary conditions of this problem under 
Boussinesq approximation [with minor notational changes from Vcronis 
[8]] arc 
(Ll-u2)(D2-u2-i) W= Ra’fl- R,u’& 
( D2 - a’ - p)U = - W, 
(25) 
(26) 
and 
W=0=0=1+4 at z=O and z= 1, 
and either DW=O at z=O and I= 1 (rigid boundaries), (28 ) 
or D’W=O at ;=O and := I (free boundarics ). 
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Proof: Since p, # 0, we write Eqs. (25).-(27) in the following convcnicnt 
forms: 
-Ra’[(l)%~-p)O+ W]=O, 
Equation (I) reduces to the above equations with 
IO 0 
A=00 0 
t i 
) 
T”R,d 
0 0 - 
P* 
B= 
i 
0 -RUl 
TR,i 
P* 
0 
a4 I PU’ I R,u’ 
G P 
C’ = 
i - 
-RU2 
TR,U4 -- 
P* 
-Ru2 
Ra’(u’ + p) 
0 
W=) 
x(z)= O(z) .
i I h-1 
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Further, boundary conditions on x conform to those of W, 0 and 4. Also 
c, = -P, 
Now, with I= p,, conditions of Theorem I are satisfied and hence 
Ipl=<R~. 
(e) Stability qf Stern’s Thermohaline Configuralion !STC) 
The governing equations and boundary conditions of this problem under 
Boussinesq approximation are given by Eqs. (25) (28) with R= -8. 
R, = -k,. where fi > 0, fi, > 0 [Stern [9]]. 
PROPOSITION 5. !f (p, W, 0, f$), p = p, + ipi, pr b 0, p, # 0, is a solution 
of the gocerning equations and houndar!. conditions ,for I~LJ problem under 
consideration, then 
p12< -Ra. 
ProoJ Since p, ~0, we write the governing equations for the present 
problem in the following convenient forms: 
F(D’-a’)[D’-a’-p)H+ W]=O, 
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Equation (I ) reduces to the above equations with 
B= 
A = 
I 0 0 
i i 
() !.K (1 
p* . 
0 0 0 
0 
0 
- rd,ci 
- R,u’ 
0 
Further, boundary conditions on l conform to those of W, 0 and 4. Also 
B, = --p, 
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c, = 
~2’ ( --- R 1 
IPI’ a 
) 0 0 
0 
-j&J- 
7p2+2p,) 0 . 
0 0 - i?,02 
Now, with I= p,, conditions of Theorem 1 are satisfied and hence 
IpI’< -Ra. 
(f) Stahiliry qf VTC.for a Viscoelusric Fluid 
The governing equations of this problem under Boussinesq 
approximation when the viscoelastic fluid is described by Maxwell’s con- 
stitutive relation are 
D2-u2-P(l +rP)- 
a 1 W=Ru’(l+Ij,)n-R,a’(l+f/,)~, (29) 
(D’-a2-p)~= -W. (30) 
with boundary conditions (28). 
PROPOSITION 6. !f ( p. W, 8, 4). p = p, + ip,, p, 2 0, p, # 0, is u .volutioti 
c$Eqs. (29) (31) and (28), r/m 
IPI*< 
Rl’a + JR2r2a2 + 4R,a 
2 
(32) 
Proc$ Since p, # 0, we write Eqs. (29t(3 1) in the following convenient 
forms: 
P(l-tI’P) w 
a 1 
-Ru2(1+fp)8+R,a2(1+~p) ;+;(D’o’)( 
L 1 =O, 
-Ru’(l +Ib*)[(D’-u’-p)n+ W]=O 
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Equation (I ) rcduccs lo the above equations with 
B= 
~&a’( t + f-p* ) 
P* 
0 
rR,a’( 1 + lb) 
P 
-Ru’(t +1b*) 0 
0 - T”R,U’ 
i 
241 +I>*)+p(t +I@*) 
P* rP* I2 
u4 +pu’( 1 + fp) + R,u’( 1 + /p) 
r7 P 
- Ra’( 1 + fp*) 
rR,u”(t + f.p*) ._. 
P* 
-Ru’(t +rp) 
rR.,u4( 1 + 1)) 
P 
Ra2( 1 + Tp*)( u’ + p) 0 
0 r2R u4 u’(1 +h*)+ PC1 +Tp*) 
’ i P* rP* i 
W-J 
/y(z)= d(z) 
i i d(z) 
Further, boundary conditions on 1 conform to those of W, fI and 4. Also 
B, = -p,(B, - B4h Cl = -P,(C, - Cd, 
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where 
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B3 = 
0 0 0 
C,= i 0 Ra4T 0 i , 
0 0 0 
Further, with 
H= 
it follows upon using Eq. (30) and Schwartz’s inequality that 
j; [(grad x)‘B,(grad x) + x+C5x] dz < 1’ X+H;c dz. 
I) 
Now, with I= p,, conditions of Corollary 2 are satisfied and hence 
This implies that 
IPI < 
RI-o + R2r2a2 + 4R,a 
2 
(33) 
(34) 
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As before the governing equations and boundary conditions are given by 
Eqs. (29) (31) and (28) with R = -A. R, = -k,. k>O. fi, >O. 
Writing these equations on the lines of Proposition 5 one easily verifies 
upon using Corollary 2 the following: 
-R,,l-~+,.~‘Rff2a2- 4Ra ’ 
2 1. 
5. ANOTHER METHOD OF UNIFICATION 
We now briefly discuss another method of unifying Propositions 1 -7 
with eigenvalue p of the problem occurring explicitly. Consider the system 
of equations 
p(V? --u, )[V - fI2 - p( I + I’p) u3] II, 
=p(l +~‘p)u,4-p(l +I’p)t’sp-.r(.u)$, (36) 
(h,V’-h,-h3~)d,= --I//. (37) 
(C, V” - c> - (‘> p)p = -I). (38) 
where u, (i = I, 2 ,..., 5 ). h, (i = I. 2, 3 ), L’, (i = I. 2. 3) and I’ are non-negative 
constants with (I,, uj, h, and C, being nonzero. and j’(.v) is real for each .Y 
in the domain Y. The boundary conditions are 
_I 
$=O=d=p and either $=O orV’IC/=O, (39) 
on the boundary S of V. 
PROP~SITIOI\; 8. lj’ (p, II/. 4, p). p = pr + ip,, p, 2 0, p, # 0, is a solufion 
01‘ Eqs. (36) (39 ), rhrn 
,p, <B+JP’+% 
2r . 
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where 
a=u,a3b3c3, 
/? = I’a,c,, 
‘r’= b3{as + c3 Supf(x)}. 
It L’ 
Proc$ It follows from Theorem 1 or Corollary 2 according as I’ = 0 or 
I’#0 with the following choices for the matrices and 1: 
B= 
C= 
-(a, +uz+a,p(l +I’p)} 
0 
clash1 +I’P*) 
c.3 lPl2 
0 c,asp*(l +IP) 
L’3 I PI2 
-h,a,(l +I’p*) 0 
~,{a2+m(l +rp))+ asp*(l+1;7)+f(x)p* 
(‘3 IPI2 lplz 
-a,(1 + ,‘p*, 
-c,a,p(l +I’p*) 
c3 IPI2 
-a,(1 +I’p) 
-c2a5p*(l +Vp) 
(‘3 IPI 
a4(b2 + ph3 )( 1 + I’P*) 0 
0 c2as P( 1 + I’P*)(c* + PC,) 
(‘3 IPI 
*t-K) 
;5= 4(x) 9 ( 1 
I= p,. 
P(X) 
50 (;tJIvA Ii’1 AI.. 
It is clearly seen that Propositions I 6 can be thought of as special casts of 
the above system. 
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